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\C> ■ Abstract 

We study a model for dynamical localization of topology using ideas from non-commutative geometry 
and topology in quantum mechanics. We consider a collection X oi N one-dimensional manifolds and 
the corresponding set of boundary conditions (self-adjoint extensions) of the Dirac operator D. The set 
nI , of boundary conditions encodes the topology and is parameterized by unitary matrices qn- A particular 

geometry is described by a spectral triple x{gN) = {Ax ,'Hx , D{gN)). We define a partition function for the 



o 

■ sum over all g^. In this model topology fluctuates but the dimension is kept fixed. We use the spectral 
' principle to obtain an action for the set of boundary conditions. Together with invariance principles the 

■ procedure fixes the partition function for fluctuating topologies. In the simplest case the model has one 
free-parameter /? and it is equivalent to a one plaquette gauge theory. We argue that topology becomes 
localized at l3 — oo for any value of A'^. Moreover, the system undergoes a third-order phase transition at 

^ l' /3 = 1 for large N. We give a topological interpretation of the phase transition by looking how it affects the 

topology. 

> ■ 

]^ ■ 1 Introduction 

' A coherent picture embracing both quantum theory and gravity has been a big challenge for over seventy 
years [1]. The last decades have witnessed a conceptual change on the usual notions of space-time and quantum 
mechanics. It is generally agreed that at very high energies the conventional ideas about the space-time breaks 
down, so that the geometrical framework of General Relativity becomes inadequate to describe the non-manifold 
micro-structure of space-time. In string theory, for instance, X^^ are operators that happen to be interpreted as 
coordinates of an embedding in a metric space [2] . Many theories also suggest a discrete picture of the space- 
time at very small distances. Thus, in loop quantum gravity the operators of spatial area and volume have 
discrete spectra [3]. Besides, both string theory and loop quantum gravity strongly indicate a non-commutative 
structure of the space-time at the Planck scale [3,4]. 

Although a complete, non-perturbative theory of quantum gravity is still unknown it is fair to say that 
some theoretical progress has been achieved. This advance stimulated the development of a growing quantum 
gravity phenomenology. It is now argued that space-time fluctuations at the scale of quantum gravity may 
be probed/tested at energies accessible experimentally, now or in a near future. Many experimental proposals 
rely on departures from the classical Lorentz symmetry due to space-time quantum fluctuations, with different 
scenarios predicting similar modified dispersion relations [5]. Possible tests include time-of- arrival difference 
between high-energy photons from gamma-ray bursts and observations of high-energy cosmic rays above the 
GZK bound [5]. Other interesting experimental set-ups involve analysis of noise in gravity- wave [5] and matter 
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interferometers [6]. Besides, there is some input from current experimental data [7-9] which can place constraints 
on the possible scales of space-time fluctuation effects. Finally, cosmological observables such as the cosmic 
microwave background spectrum may also contain clues to the quantum structure of spacetime [10, 11]. 

Any consistent theory of quantum gravity should, in the low energy limit, give us the conventional geometric 
picture of space-time. In such theory the space-time itself will be dynamically generated. Thus its dimension, 
the signature of the metric, global topology, causal structure, etc., will be computable (at least in principle) 
observables of the theory, and not predetermined inputs. However, almost all models assume a given dimen- 
sionality, signature and/or topology from the beginning. This is the case in the simplicial approach (quantum 
Rcgge calculus [12], dynamical "triangulations" [13], Lorentzian triangulations'* [14], etc.), and in the (pcrtur- 
bative) string scenario where the target space has a fixed dimensionality to be determined later by consistence 
conditions (e.g. anomaly cancellations). In fact, string calculations assume a fixed background classical space- 
time: it is hoped that a non-perturbativc approach would introduce manifest background independence into 
the theory, but this remains a conjecture. Loop quantum gravity is already background independent, however 
specific models are usually set from the start in a 3-1-1 space-time. There is some progress towards these opens 
questions in other proposals. For instance, in the causal set theory [16] one starts from a minimum data input: 
a discrete set of events endowed with a causal relation. A poset structure is also shown to arise naturally in the 
so-called causal spin networks [17]. 

Many theories suggest that the background of quantum gravity is well described by some type of space-time 
foam [18,19], notably spin foam models and related ones. Thus, not only the geometrical properties of the 
space-time, but its topology is also subject to quantum fluctuations at the quantum gravity scale. There is 
some phenomenological proposals to uncover possible macroscopic signals of quantum topology fluctuations, see 
for instance [20]. It is widely believed that topology changes are pure quantum phenomena, and a necessary 
ingredient for a consistent theory of quantum gravity. For instance, there is no spin-statistics theorem for geons 
(i.e. soliton-likc excitations of a spatial manifold) unless topology changing processes are allowed [21,22]. In 
this paper we will study a toy model for topology fluctuations where it will be possible to address dynamical 
questions in a simpler context. 

Since the manifold structure of space-time has to appear at some macroscopic limit, it is natural to expect 
that one needs a generalization of ordinary geometry, such as noncommutative geometry (NCG), to approach 
the Planck scale physics. The starting point of NCG [23] is the remarkable observation that one can describe a 
Riemannian manifold {M,gn^) in a purely algebraic way. There is no loss of information if, instead of the data 
(M, g^v): one is given a triple [A^ TC, D), where A is the C*-algcbra C^{M) of smooth functions on M, Ti. is the 
Hilbert space of L-^-spinors on M, and D is the Dirac operator acting on Ti. From the Gelfand-Naimark theorem 
it is known that the topological space M can be reconstructed from the set A of irreducible representations 
of C°(M). Metric is also encoded, and the geodesic distance can be computed from D. In particular one 
can treat all Hausdorff topological spaces in this way. Given a pair (M, g^^), one can promptly construct 
the corresponding triple {C°{M),L^{M),D). However, not all commutative spectral triples come from a pair 
{M,g^j,). Nevertheless one can always associate a Hausdorff space M = Ato & commutative spectral triple, 
where A denotes the set of irreducible representations of A. The space M may not be a manifold and the 
spectral triple has to be regarded as a generalized geometry. 

The framework of NGG suggests a possible approach to quantum gravity based on the so-called spectral 
principle [24, 25] : Once we trade the original Riemannian geometry for its corresponding commutative triple we 
need a replacement for the Einstein- Hilbert action Seh- The spectral action of Chamseddine and Connes [24] 
is one possible candidate. It is a very simple function of the eigenvalues of D and contains Seh as a dominant 
term. 

Spectral actions can be written for any triple, regardless of whether it comes from a manifold {M,g^^) or 

''it is argued that the "effective" dimension of the space-time (associated with the ensemble of random triangulations in the 
continuum limit) may be different from the dimension of the underlying simplex. For instance, the Hausdorff dimension {dn) of 
2D pure Euclidean gravity turns out to be four in the dynamical triangulation approach [15], in contrast with the result dn = 2 in 
the Lorentzian triangulation [14]. However, this is seem somewhat as a "pathology" of the Euclidean formulation [14]. 
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not. In the spectral geometry approach it is thus conceivable to write the partition function 

z=Y.e-'^^\ (1-1) 

where the "sum" is over the set X of all possible commutative spectral triples and S depends on the spectrum 

01 D. It includes all Hausdorff spaces and therefore all manifolds of all dimensions. 

In a previous Letter [26] we introduced a simple discrete model to quantum gravity based on a particular 
truncation of the sum in Hl.l|l . We discretized by sampling the set X with finite commutative spectral 

triples X — {A, H, D) where the commutative C*-algebra A has a countable spectrum A. In this approach 
to discretization there is no need to introduce a lattice or simplicial decomposition of the underlying space. 
The approximation of ^ by a finite dimensional algebra works even if the spectral triple does not come from 
a manifold. Thus, it gives us a generalization of ordinary discretizations [12,13,27]. The model describes the 
geometry of spaces with a countable number n of points, and is related to the Gaussian unitary ensemble of 
Hermitian matrices: for fixed n the operator £) is a n x n self-adjoint matrix. The average number of points in 
the universe (n), the expectation value {S) of the dimension, and the metric are macroscopic observables of the 
theory, obtained after some suitable average (coarse-graining) over the ensemble. We showed that the discrete 
model has two phases: a finite phase with a finite value of (n) and {5) = 0, and an infinite phase with a diverging 
{n) and a finite {5) ^ 0. The critical point was computed as well as the critical exponent of (n). Moreover, an 
upper bound for the order parameter {5) was found, {5) < 2. The discrete model is a pre-geometric one, in the 
sense that the continuum picture with its geometrical content emerges through a phase transition. 

In the present paper we elaborate on another discrete model where the dimension will be kept fixed while 
the topology fluctuates. Again, we will consider only degrees of freedom associated to pure gravity, i.e. coupling 
with matter degrees of freedom will not be included. Relying on the framework developed in [28], we consider 
a collection X oi N intervals of length L. For this set of one dimensional manifolds, the momentum operator 
P plays the role of the Dirac operator. The sum in (|l.ll) will be over triplets x = {Ax , Ti-x ,D = P) where Ax 
is the algebra of continuous functions on X and Hx = L^{X). In order to fix the spectral triple, however, we 
have to consider the self-adjoint extensions of P, i.e. boundary conditions (b.c). These are labeled by unitary 
matrices g. Thus, we are lead to compute a partition function over all self-adjoint extensions of P. According 
to Balachandran et al. [28] the b.c. fixes the global topology of the configuration space. The topology depends 
on the form of g, and in general is different from the classical one. In particular, it can be a superposition of 
circles of different sizes. The definition of the triplets and a short revision of the main arguments in [28] are 
the subject of Section 2. In Section 3 we use the spectral principle as a guide to obtain an effective action for 
the g's. This, together with symmetry requirements, fixes the partition function. Once we have the partition 
function for the ensemble of all topologies we are able to study the dynamical localization of topology. This is 
done in Sections 4 and 5, where our main results are discussed. We identify the simplest version of the model 
(with only one parameter, f3) with the Gross- Witten model which arises from the Wilson's lattice version of 
YM2. Namely, the partition function reduces to a generalization of the Dyson's circular unitary ensemble. We 
numerically verify that the configuration space is a collection of circles of size L, U U ■ ■ ■ U , for all 
finite N a,t (3 — 00. Topology thus gets localized in this limit. In the large N limit there is a phase transition 
at (3 = (3c- We also give a topological interpretation of the phase transition by looking how it may affects the 
topology. 

2 Fluctuating Topology 

The connections between topology and quantum mechanics have been clearly exposed in [28] . Here we rephrase 
the discussion using the language of non-commutative geometry. 

Let us consider a collection X oi N one dimensional manifolds (intervals) of length L. The corresponding 
spectral triple will be taken as a; = {AxTTi-x, D) where Ax is the algebra of continuous functions on X and 
Tlx = L^{X). The analogue of the Dirac operator D will be the momentum operator P. 
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Let us consider a simple example where X is a pair of disjoint intervals /i,/2. The intervals will be 
parametrized by a coordinate x G [0, L]. The classical configuration space of a particle living on X is just 
the union [0, L] U [0, L]. An element ip G Tlx is a pair of functions V'l (2;) , '02 (a^) , ipi '■ h ^ C and the scalar 
product is 

(0,X)= / dx^(0*xO(^) (2.1) 

We write the wave- function conveniently as a column vector ipix) = (0i(x), "02(2^))* so that the operator D ~ P2 
takes the following matrix form 

= ( i ) (2.2) 



—idx 

We have not fixed completely the spectral triple. The operator D is fixed only up to boundary conditions (b.c.) 
or self-adjoint extensions. Let the eigenfunctions of the operator P2 be of the form 

^i^) t) (2.3) 



^ B ^ 

where A, B and p are obtained by solving the equation 

^(i)=50(O), (2.4) 

with g £ U{2) parameterizes the b.c. or self-adjoint extensions. 

One may ask what geometrical properties of X are determined by such b.c. The point of view taken by 
Balachandran et all. in [28] is that a b.c. fixes the global topology. Depending on the form of g, the topology 
perceived by the quantum particle is quite different from the classical one. Let us look at a couple of examples 
to clarify this: 



(«) 9a = (^^,,,, j, (2.5) 

The probability of finding the particle on the first interval is J ijjlipidx, and similarly for the second interval. 
In the case (a), the density functions V'*Xi satisfy the conditions 

iriXiKL) = (V'2X2)(0), (2.7) 
(V'2*X2)(i) = iriXiM (2.8) 

In other words, the probability densities are the same at the points joined by the thin line (Fig.l), and thus the 
configuration space of the particle is a circle made by joining the two intervals. The eigenfunctions H2.3|l are of 
the form {A± = ±exp{i(6li2 - 6l2i)/2}) 




Figure 1: The fi gure shows a boundary condition corresponding to a circle of size 2L. 
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A 



1 
1 



(2.9) 
(2.10) 



and the spectrum is the set (n + ^i2±^)} u (n + ^i^t^ai + i)}^ n € Z. 
In the case (b), the probabihty densities instead satisfy 

Now, as is obvious from Fig. 2, the underlying configuration space is the union of two circles. 



(2.11) 
(2.12) 




Figure 2: The figure shows a boundary condition corresponding to a pair of circle of sizes L. 
The eigenfunctions are of the form 



(2.13) 
(2.14) 



so that Spcc(P) ^ (n + 1^)} U {f (n + |^)}. 

For most other choices of 5, topology is not localized as in these two examples but it is rather a superposition 
of both, and there is no classical interpretation to it. This happens also for other unitary matrices corresponding 
to non-trivial b.c. 

Notice that the spectrum depends only on the eigenvalues of the matrix g. This is not merely a coincidence 
for the examples we looked at here. It is easy to see that two matrices gi and 52 that are related by 52 — ugiv) 
give rise to the same spectrum. 

The generalization to arbitrary number A'' of intervals is straightforward. Our interest is in the operator 



Pn = 



( -id^ 
-idx 

\ ... 







\ 





-idx I 



(2.15) 



The self-adjoint extensions are labeled by a unitary N x N matrix g. The topology of the configuration space, 

as seen by the quantum particle, is dictated by g. Different choices of g can give rise to, for example, a single 
classical circle or k {k < N) disjoint circles. The spectrum of Pn may be written as {^{n + f^)} U {^{n + 



a2 ' 



)} U • • • {^{n + )} where (e* 



e*"") are the eigenvalues of the matrix g. 



The set of all possible matrices g describes the set of topologies that the quantum particle sees. As remarked 
before, only a small subset have a classical interpretation, since classical topology corresponds to isolated points 
on the group manifold. Is there any natural sense in which one can associate a probability to a particular 
topology i.e. for the matrix g from this ensemble? In other words, is it possible to write down some kind of 
partition function for the gf's? A first step towards this direction was done in [28], where a dynamics for the b.c. 
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(quantized boundary conditions) was proposed in the connection picture. Here we follow another route, along 
the ideas introduced in [26]. Thus, we would like to compute the partition function 




(2.16) 



where x{g) = {Ax, Hx, PAr(g)). Next we look at the probability distribution for the b.c, that is for the unitary 
matrices g. Then we will be able to ask questions on a possible dynamical localization of topology. 



3 Spectral Action 

In order to compute (|2.16|) we need to specify a dynamics, i.e. determine an action S[x] for the triple x. Our 
guide will be the spectral principle introduced in [24]. Their proposal for the action is, loosely speaking, just 
the trace of some positive function of the square of the Dirac operator. In our case, this would imply using the 
action 

where A = 1/La is a momentum cut-off. The trace class function xi^) is typically chosen to be 1 for a; < 1 
and smoothly going to zero for x > 1. It turns out that Sn is proportional to the number of eigenvalues with 
absolute value less than A, Sn ~ Nn{A). Let V = {L/2tt) P and e = (27riA/i)^- Most of the contribution to 
the sum in (|3.1() comes from modes with n + a/2'K less than or of order ~ LjLt^, whereas higher modes 

make almost no contribution. Thus, one naively gets 

S^ia; e)^Nj2x {ein + ^ N 1 ^ N — . (3.2) 

|n| ^ 

As expected, Sn for e cx3 at fixed N. This is natural since for La oo we are effectively cutting-off all 
modes. 

A regularized action that maintains the invariance ak — » ctk + 2tt comes from adopting x(P^/A^) = e"*^^", 
giving 

N oo 

SN{a,;e) = Y. E e-(-+*)^ (3.3) 

fc=l T!fc=~00 

We are concerned with the heat-kernel expansion of Sn in H3.3|l for e 0. This follows at once from the 
modular transformation. 



OO I — / OO \ 

Y: e-*("+^)^ = Jjh + 2i: cos(27rnz) , 

n— — oo \ n— 1 / 



SO that the regularized action reads 

N 



SNia; e) = \/ - 



(3.4) 



(3.5) 



Af + 2^ ^ e-" "'=/'cos(7ifeafe) , 

L fc=lnfe=l 

and one obtains an expansion for the effective action in the form 

SN{af,e) = aoie) + ai{e) ^^cosa/c^ + a2(e) ^^cos(2afc)^ -|- . . . (3.6) 
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Besides, using Tr{g + g^) — 2 cos a*;, Tr(5 + g^)"^ = 2N + 2^j,cos2afc, etc. we can re-write the spectral 
action in terms of the matrix g itself: 



SN{g; e) = boie) + 6i(e)Tr(5 + .gt) + 62(e)(.9 + g^f + ... (3.7) 

To leading order, apart from an overall additive (and hence irrelevant) constant foo(e), this is nothing but 
Wilson's action for a 2-d Yang-Mills gauge theory on a single plaquette [29,30]. Including higher order terms 
gives us models of the type considered in [31]. 

As we noted earlier, the spectrum of the operator Pjv is unchanged when the matrix g is conjugated by 
a unitary matrix u. We will require our action and the corresponding partition function to have the same 
invariance. The partition function H2.16|) is thus of the form 

ZNibi) = J [dgle-^'-If'"^! (3.8) 

where [dg] is the [/(A^)-invariant Haar measure on the group U{N). In terms of the eigenvalues e*"^ of the 
matrix g, the partition function becomes [32] 

ZNih) = /'"[da,]A({aJ)A({aO)e-^"("'"^^), (3.9) 
Jo 

where A({ai}) is the Vandermonde determinant 



A(W)=n(e^"'-e^"^), (3.10) 

i<j 



and the normalization is Z^lbi = 0) = 1: 



N 



[^^j] = m{2TT)^ I[daj, (3.11) 

4 Localization of Topology 

Let us restrict our attention to the simplest non-trivial truncation of H3.7|l . which we write as 

SN{g,l3)^^Tr{g + g^), (4.1) 
where the factor N/2 is for later convenience. The partition function reads 

Z^m = J [dafc]e-«~(""'^), (4.2) 

where 

N 

Hn=NI3Y^ cos afc - 2 ^ In |e*"- - e*"^ | . (4.3) 

fe=l i<j 

The action (|4.1(l has been extensively studied in the literature in connection with YM2, and has interesting 
properties in the large TV limit [30]. Besides, ^Ar(O) is the matrix integral of the Dyson's circular unitary 
ensemble. For finite iV, using the identity [34] 

2n N N 



^ / n n f ("^) n l^^' - l' = ^et r dag(a)e^"(^-^) 

■ -'0 7 1 D — 1 L-^o 



fc=l 1=1 i<j 
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with g{a) — e ^^^osq^ ^g^gy show that 

Zw(/3)=det[/|,„,|(7V/3)]^^^.^^...^, (4.5) 

where Iiy{x) is the modified Bessel function of the first kind. 

Let us sum up the argument developed up to now. We are considering a coUection of N disjoint compact 
ID manifolds. A point x in this collection is a union of circles and intervals with some b.c, corresponding to a 
particular self-adjoint extension of the momentum operator. Accordingly, to each element x we assign a given 
topology, parameterized by a unitary matrix g G U{N) (that is, a boundary condition). Since in our model Zn 
is the partition function for the set of all self-adjoint extensions of the momentum operator, i.e. all points x, it 
is sensible to interpret 

e-six] 

Pn{x) = ^— , (4.6) 

as the probability of having a configuration space with the topology of x. It is clear from Section 2 that the 
topology will be in general "fuzzy", i.e., it may not admit a classical interpretation. Now with model (|4.2|) we 
want to ask questions such as : is it possible that the topology gets localized around a classical configuration 
for some value of /?? In other words, is it possible that Pn{x, (3) gets localized around some particular manifold 
x7 

We stress that the topology of x, or the boundary condition H2.4|l is determined by g, but the probability 
measure in ()4.2|l . 



I g--Hjv(ai,/3) 

ZnW Ar!(27r)^ 

depends only on the eigenvalues e*"*" of 5. It does not picks out a topology but rather an orbit of g under 
conjugation. In other words, there is not a one-to-one correspondence between the set of all topologies and the 
eigenvalues of g, as mentioned in Section 2. The only exception is the identity matrix Spec(g) = {1, 1, • • • 1}, 
which corresponds to the disjoint union U U ■ ■ ■ U of circles of size L. Thus only in this case one may 
speak of a dynamical localization of topology. 

Notice that Zn may be interpreted as the partition function (at fixed temperature T) of a ID plasma of equal 
charged point-particles constrained to move in a thin circular wire of radius one immersed in a 2D world (plane). 
The second-term in the "Hamiltonian" Hn '^s the 2-body repulsive Coulomb potential, whereas the first term 
represents a periodic potential with strength given by Nf3. It is well-known that at /3 = the system displays 
only a single phase over all the temperatures scale, characterized by a long-range order of crystalline type [33] . 
The spectral density (Tjv(q;) = (^k^ict ~ ak))j^/N is uniform around the unity circle, iJN{ci^(3 ^ 0) = l/27r, 
and the topology is "fuzzy" . 

However, it is conceivable that such situation does not hold at finite /3. Thus, at some value fic the strength of 
the periodic potential may be enough to disorder the crystal structure, leading to a melting of the Dyson crystal 
into a new phase. This conjecture is supported by a numerical analysis of some "observables" . In particular, 
by means of (|4.5|) it is possible to shown numerically that 

(cosa.).(^)^-^|lnZ.(^)^{0 l^^^^^ (4.8) 

For /3 — > the eigenvalues become uniformly distributed around the unity circle, the topology is fuzzy, and 
(cos a^) AT ^ as expected. On the other hand, for /3 — > cxd the periodic potential overcome the level repulsion 
and the eigenvalues tend to concentrate around the origin, i.e. matrices 5 ~ I are favored. This is a clear 
signature of a dynamical localization of topology at /3 = 00 for any value of N . 
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5 Topology and the Third Order Phase Transition 



Gross and Witten have shown that the one-plaquette model described by (|4.1() and 14. 2() undergoes a third order 
phase transition at /3 = 1 in the large N limit [30]. In this section we would like to discuss whether this phase 
transition has any consequences to classical topology in our model of fluctuation topologies. One has to keep 
in mind that topology is described by the matrix of boundary conditions. However, the dynamics depends 
only on the eigenvalues of gN. In other words, a single set of eigenvalues determines a submanifold of boundary 
conditions. Since the model is not very sensitive to the topology, we do not expect strong topological changes as 
we tune P across the critical point. The only point where topology is sharply affected is for /3 — > as explained 
in the last section. Nevertheless, it is possible to give a topological interpretation for the phase transition. 

Let us summarize the results we need from [30]. For large values of P (weak coupling), the density of 
eigenvalues cr(a, /?) is strongly peaked near a = 0, whereas the density is almost uniform over the unit circle 
for /3 ~ (strong coupling). More precisely, each phase is characterized by an appropriate spectral density (we 
change the domain of a from [0, 27r] to [— tt, tt]) 



a{a, /3) = 7^— (1 + /3 cos a) , 

ZTT 



cr(a,/3) = ^cos^ 



-TT < a < tt: 



-Olr < a < Ur 



2 "c 



(5.1) 
(5.2) 



valid for (3 < 1 and /5 > 1, respectively. The signature of the phase transition at /3c = 1 is clear: for j3 » 1 
the spectral density has support at a small region around a ~ 0, and the probability of finding an eigenvalue 
outside of this region is zero. As we decrease (3 the support of crj^^a, (3) becomes a larger arc of the unity circle 
around a = 0. For (3 > Pc there always be a gap (forbidden region in the eigenvalues space) on the unity circle 
around a = tt. The gap is closed at P — Pc- 
Consider a matrix g of the form 



9N 



B{k) 
S{N -k) J ' 



(5.3) 



where S is an arbitrary unitary and B{k) is the k x k matrix 

/ wi ■■■ \ 
n n 

B{k). 



W2 



■• Wk-1 

/ 



(5.4) 



with Wi = e*"' . Thus, this b.c. has a big circle of size fc L as a classical manifold. The big circle is made 
of intervals number 1,2,3, - • • , fc. The remaining (N — fc) intervals are connected by an arbitrary boundary 
condition given by S and may not admit a classical interpretation. Furthermore, any other matrix that is 
related to (|5.4|l by a permutation also has a classical big circle of size fc L. 

Let us call Ck C U {N) the subset of boundary conditions of type H5.3|l and its permutations. 

The fc eigenvalues of B{k) is a subset of Spec{g). To find them we write 



[B{k)] 



'^(i+l)mod(fc)- 



(5.5) 



It follows that B(fc)'= = e^'^ I, where 



UJ1UJ2 ■ ■ ■ uJk- Therefore the eigenvalues are Am — exp 



'■2TnTi±y\ 



S;)- Notice 



m G {0, 1, • • • fc — 1}. The eigenvector corresponding to Am is Vm = (1, ■ 
that the eigenvalues of B{k) are equally spaced. They occur at the vertices of a regular polygon inscribed in 
the unity circle. 
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Figure 3: The support of the spectral density is represented on the circle as a dark line interval determined by the angle Oc- 

The existence of a gap for jS > /3c means that the probabiUty density has a support on a subset -ff (/?) C U (N) 
of all boundary conditions. 

Let us consider Fig. 3. The dark region is the support of c7Ar(a,/3~^) and ac = ac{P~^) is an increasing 
function of For f3~^ — > we have ac ~ 0. In other words, the largest classical big circle has size k = L. 
Let us see what we need to have a classical big circle of size k = 2L inside the allowed region. The eigenvalues 
of -6(2) are exp (i^) and exp (i^ + ztt). Suppose we have ac = § + e. Many classical circles of size 2L given 
by B{2) will be suppressed. However the b.c. such that |— e<7<^+e will be allowed. For smaller values 
of ac, fc = 1 is the biggest classical circle possible. A similar argument shows that classical big circles with size 
k = mL will only show up for 

TO — 1 „\ 

ac > TT . (5.6) 

TO 

In other words, for a fixed (3, if we look at the intersection of H and Ck we see that H excludes all sets Ck 
for k larger than some value k^^^. In Fig. 4 we plot ky^ax as a function of (3^^. The graph looks like a staircase 
function. However as we approach /3c, the variable fcmax tends to oo (in the thermodynamic limit N ^ co) and 
at the same time the sizes of the plateaus go to zero. 

^max 

A 

6 -; 

5 - i 

4 — ; 

3 ; 

2 i 

1 ; 







Figure 4: Plot of a function of /? . 

We can also look at another quantity: £{(}) = In the limit N ^ oo, 



) if /? > /3c, 
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Thus we have the following qualitative picture of the phase transition at f3c- above /3c we only find classical 
circles of finite size. There are other b.c. but all classical circles are at most /cmax L in size. Below (3c there are 
classical circles of arbitrary sizes. The order parameter is just £{P). 

6 Conclusions 

The above model and the one in [26] are not intended to be realistic. In particular, time does not appear at 
all in our present model. One can imagine that an equilibrium configuration has been attained, in which the 
fluctuations in the dimension, metric and signature of the space-time had already been partially localized. Our 
model would thus be an effective theory describing the topology fluctuations, controlled by the parameter (3. 
This is conceptually similar to the approach followed in [22]. Rather our intention here is to furnish a hint 
on how NCG, in the formulation embodied in (1.1), may be used to tackle some difficult, open questions in 
quantum gravity. Thus, in this paper we asked if dynamics can fix topology somehow. We believe that these 
simple models capture some main features of more elaborate ones, and hope that they could furnish insights into 
it. This is in accordance with current views on universality in quantum gravity [13,35]. The idea of universality 
is enforced here by the connection with random matrix theory. Thus, it can be shown that the upper bound 
for the dimension observable (6) found in [26] does not change if instead of complex self-adjoint matrices D one 
considers real self-adjoint matrices, corresponding to the Gaussian orthogonal ensemble [36]. Besides, the key 
role played by the eigenvalues of the Dirac operator in GR and in the spectral action approach was emphasized 
in [25]: they are diffeomorphism- invariant functions of the metric and can be taken as the dynamical variables 
of GR. In our model they are also the natural dynamical variables due to the connection with random matrix 
theory. 

Inspired by ideas from topology in quantum mechanics and relying on the framework of the non-commutative 
geometry we have set-up a simple model to study fluctuations in topology for a collection of N one-dimensional 
manifolds. In its simplest version the model has one free-parameter, /3, and its partition function reduces to the 
partition function of the one plaquette U (N) gauge theory. Although our simple dynamics is not particularly 
sensitive to the topology of the underlying configuration space (since it depends only on the eigenvalues of the 
tinitary matrices g parameterizing the boundary conditions), we have argued that topology gets localized at 
(3 ^ oo for any value of N . For large N the model has a third-order phase transition at (3c = 1. Topology is not, 
in general, localized for (3 > (3c and large iV, however some topologies are excluded due to the finite support of 
the spectral density in this range of (3. Thus it seems possible that, in more realistic models, topology can be 
indeed fixed by the dynamics. 

The model discussed in the present work points to the remark that an eventual theory of quantum gravity 
at the Planck scale may possible contain more degrees of freedom than what one would naively expect based on 
the macroscopic space-time physics [28] . There are many possible ways to extend this and the related work [26] . 
Notice that the present work and [26] are somehow complementary: whereas in the latter we have studied 
fluctuations in the dimension, here we have focused on topology fluctuations keeping the manifold dimension 
fixed. Thus, it would be interesting to workout a model including both types of fluctuations, with degrees of 
freedom associated with topology and geometrical dynamics. Another possibility is to include couplings with 
matter degrees of freedom. We hope that the toy models discussed here in connection with the partition function 
1)1.1(1 set the stage towards its evaluation in a more realistic scenario where a phenomenological approach can 
be eventually pursued. 

Acknowledgments: We thank A. P. Balachandran for suggestions and valuable comments. L.C.A. and 
P.T.S. are grateful to all participants of the "Workshop on Fuzzy Physics" , held at CINVESTAV in June 2004, 
for helpful discussions which clarified some points of the work. L.C.A. would like to thank the Mathematical 
Physics Department of USP at Sao Paulo for their kind hospitality. This work was partially supported by 
CNPq, grant 307843/2003-3 (L.C.A.). 



11 



References 



[1] S. Carlip, Quantum gravity: a progress report, Rep. Prog. Phys. 64 (2001) 885; L. Smolin, How far are we 
from the quantum theory of gravity?, |hep-th/0303185| 



[lo; 

[11 

[12: 
[13: 

[14 

[15: 

[16 

[17: 
[is: 



J. Polchinski, String Theory Vols. 1 & 2 (Cambridge University Press 1998). 

C. Rovelh, Loop quantum gravity, Living Rev. Rel. 1 (1998) 1; T. Thiemann, Introduction to modern 
canonical quantum general relativity, |gr-qc/0110034| 

A. Connes, M.R. Douglas, and A. Schwarz, Noncommutative geometry and Matrix theory: compactification 
on tori, J. High Energy Phys. 02 (1998) 003; N. Seiberg and E. Witten, String Theory and noncommutative 
geometry, J. High Energy Phys. 09 (1999) 032. 

For reviews, see G. Amelino-Camelia, Proposal of a second generation of quantum-gravity-motivated 
Lorentz-symmetry tests: sensitivity to effects suppressed quadratically by the Planck scale. Int. J. Mod. 
Phys. D 12 (2003) 1633; Quantum-gravity phenomenology: status and perspectives, Mod. Phys. Lett. A 
17 (2002) 899. 

I. Percival and W. Strunz, Detection of space-time fluctuations by a model matter interferometer, Proc. R. 
Soc. A 453 (1997) 431. 

S.D. Biller et al.. Limits to quantum gravity effects from observations of TcV flares in active galaxies, Phys. 
Rev. Lett. 83 (1999) 2108; 

E. Lisi, A. Marrone, and D. Montanino, Probing possible decoherence effects in atmospheric neutrino 
oscillations, Phys. Rev. Lett. 85 (2000) 1166. 

D. Sudarsky, L. Urrutia, and H. Vucetich, Observational bounds on quantum gravity signals using existing 
data, Phys. Rev. Lett. 89 (2002) 231301. 

R. Easther, B.R. Greene, W.H. Kinney, and G. Shiu, A generic estimate of trans-Planckian modifications 
to the primordial power spectrum in inflation, Phys. Rev. D 66 (2002) 023518, and references therein. 

F. Lizzi, G. Mangano, G. Miele, and M. Peloso, Cosmological perturbations and short distance physics 
from Noncommutative Geometry, J. High Energy Phys. 06 (2002) 049. 

T. Regge and R.M. WiUiams, Discrete structures in gravity, J. Math. Phys. 41 (2000) 3964. 

J. Ambjorn, B. Durhuus, and T. Jonsson, Quantum Geometry (Cambridge University Press 1997). 

J. Ambjorn and R. Loll, Non-perturbative Lorentzian Quantum Gravity, Causality and Topology Change, 
Nucl. Phys. B 536 (1999) 407; J. Ambjorn, J. Jurkiewicz, and R. Loll, Dynamically Triangulating 
Lorentzian Quantum Gravity, Nucl. Phys. B 610 (2001) 347. 

J. Ambjorn and Y. Watabiki, Scaling in quantum gravity, Nucl. Phys. B 445 (1995) 129; J. Ambjorn, J. 
Jurkiewicz, and Y. Watabiki, On the fractal structure of two-dimensional quantum gravity, Nucl. Phys. B 
454 (1995) 313. 

L. Bombelh, J.-H. Lee, D. Meyer, and R. Sorkin, Space-time as a causal set, Phys. Rev. Lett. 59 (1987) 
521. 

F. Markopoulou and L. Smolin, Causal evolution of spin networks, Nucl. Phys. B 508 (1997) 409. 
J. Wheeler, On the nature of quantum geometrodynamics, Ann. Phys. (NY) 2 (1957) 604. 



12 



[19] S.W. Hawking, Spacetime foam, Nucl. Phys. B 144 (1978) 349; S.W. Hawking, D.N. Page, and C.N. Pope, 
Quantum gravitational bubbles, Nucl. Phys. B 170[FS1] (1980) 283. 

[20] L.J. Garay, Spacetime foam as a quantum thermal bath, Phys. Rev. Lett. 80 (1998) 2508. 

[21] H.F. Dowker and R. Sorkin, A spin-statistics theorem for certain topological geons. Class. Quant. Grav. 
15 (1998) 1153; R.D. Sorkin and S. Surya, Geon statistics and UIR's of the mapping class group, 
hep- th/9704081 

[22] A. P. Balachandran, E. Batista, LP. Costa c Silva, and P. Tcotonio-Sobrinho, Quantum topology change in 
(2 + l)d, Int. J. Mod. Phys. Lett. B 15 (2000) 1629. 

[23] A. Connes, Noncommutative Geometry (Academic Press, 1994); G. Landi, An Introduction to Noncommu- 
tative Spaces and their Geometries (Springer, 1997); J.M. Gracia-Bondi'a, J.C. Varilly and H. Figueroa, 
Elements of Noncommutative Geometry (Birkhauser, 2000). 

[24] A. Chamseddine and A. Connes, A Universal Action Formula, Phys. Rev. Lett. 77 (1996) 4868; The 
Spectral Action Principle, Commun. Math. Phys. 186 (1997) 731. 

[25] G. Landi and C. Rovelli, General Relativity in terms of Dirac eigenvalues, Phys. Rev. Lett. 78 (1997) 3051. 

[26] L.C. de Albuquerque, J.L. deLyra, and P. Teotonio-Sobrinho, Fluctuating dimension in a discrete model 
for quantum gravity based on the spectral principle, Phys. Rev. Lett. 91 (2003) 081301 . 

[27] A. P. Balachandran, G. Bimonte, E. Ercolessi, G. Landi, F. Lizzi, G. Sparano and P. Teotonio-Sobrinho, 
Finite quantum physics and noncommutative geometry, Nucl. Phys. Proc.Suppl. 37C (1995) 20; A. P. Bal- 
achandran, Quantum Spacetimes in the Year 1, Pramana 59 (2002) 359. 

[28] A. P. Balachandran, G. Bimonte, G. Marmo and A. Simoni, Topology change and quantum physics, Nucl. 
Phys. B446 (1995) 299 . 

[29] K.G. Wilson, Confinement of quarks, Phys. Rev. D 10 (1974) 2445. 

[30] D. Gross and E. Witten, Possible third-order phase transition in the large- A'' limit lattice gauge theory, 
Phys. Rev. D 21 (1980) 446. 

[31] V. Periwal and D. Shevitz, Unitary-matrix models as exactly solvable string theories, Phys. Rev. Lett. 64 
(1990) 1326. 

[32] M.L. Mehta, Random Matrices (Academic Press, 1991). 

[33] F.J. Dyson, Statistical theory of energy levels of complex systems, J. Math. Phys. 3 (1962) 140 . 

[34] P.J. Forrester, N.E. Frankel, T.M. Garoni, and N.S. Witte, Finite one dimensional impenetrable Bose 
systems: occupation numbers, Phys. Rev. A 67 (2003) 043607. 

[35] F. Markopoulou, Planck-scale models of the Universe, |gr-qc/ 0210086| 

[36] L.C. de Albuquerque, J.L. deLyra, and P. Teotonio-Sobrinho, unpublished. 



13 



